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Abstract. Explicit simple expressions aregiven for Casimir operatarsofq-deformed su, , (n) .  
These expressions are similar to the corresponding Casimir operators of non-deformed 
~ ( n ) .  The proof of invariance is based on direct amlications af the  commutation relations 
that define su.,(n) written in a convenient basis. 

In recent years there has been considerable interest in the so-called quantum groups 
U,(g), which are q-deformations of the universal enveloping algebra of the Lie algebra 
g. In this paper we concentrate on the case g =su(n)  but note that the other classical 
algebras (orthogonal and symplectic) can be treated in much the same way. 

As is well known, the non-deformed su(n) can be defined by generators A,,, obeying 
the commutation relations 

Here all indices range from 1 to n and summation over repeated indices is understood. 
Further 

A:, =Ab,,. (3)  

(Ak).,  = (Ak-')ocA<h (Ao).,<. = S., (4) 

[&I,, ( A k  )cd 1 = &(Ak - ( A k  ( 5 )  

Defining recursively powers of the generators by (k = 1 , 2 , .  . .) 

one readily finds 

Consequently the objects 

C!. E (A'),. ( 6 )  

[A.,, c k l  =o. ( 7 )  

obey 

Thus the C, are Casimir operators of kth degree of su(n). 
The object of this letter is the determination of Casimir operators of suq( n). Recently 

Zhang et a/ [ I ,  21 have described a method for constructing Casimir invariants starting 
from the Drinfeld [3] universal R-matrices of quantum groups. We follow a more 
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direct approach, parallelling the approach described above for non-deformed su(n). 
Explicit expressions for the quadratic and cubic Casimirs of su,(n)  were given by 
Chakrabarti [4], based on the work of Pasquier and Saleur [ 5 ] .  Our general results 
for Casimirs of any degree, when specilialized to degree two and three, agree with 
Chakrabarti. 

Next we describe a basis for sus( n ) ,  which is a slight modification of a basis given 
by Jimbo [6] and in terms of which extremely simple expressions result for the Casimir 
operators. Then we give these expressions for the Casimir operators and prove their 
invariance. 

Jimbo [6] defines the quantum group su,(n) in terns of the Cartan elements h, ,  
the simple raising elements e, and simple lowering elements X (1 S I S  n - 1) that obey 

[ h , .  h,l=O ( 8 )  

[ h , ,  e,] = age, [h . , f ; l= -a,,f; (9) 

and av is the Cartan matrix 

Further we may take without loss of generality 

i = d  h . = h !  I I. (15) 

We now observe that a more convenient notation, which brings out the parallelism 

i e t  
with non-deformed su( n ) ,  is as follows: 

h, = Eo --E.+, E #  + E * + .  . . +E .  = 0 (16) 

a < c < b (no summation) 
a + l = b  
a = b  (17) 

l o  a > b  
+ E:h= Fho € . = E .  q' = 9. (18) 

Now all indices range from 1 to n ;  note that the index c in (17) is arbitrary as long 
as a < c c b .  

In  terms of these symbols all of the equations (8)-(15) are summarized as 

[Eli l i t  I, 9'"E.h9'h 1 = & + I  a9'"Ekh9'.b - 8kh9S&X+l 9'* (19) 

(20) [Ek,,,, Fha] = Sk+,,,Fli.qF~-'"~ - &,9""'~+' ' + > F h l i , ,  

and the Hermitian conjugates of (19) and (20). 
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Our definition of 'Hermitian conjugate' implies that q is real. The formalism could 
be modified to accommodate complex values of q but for simplicity we assume from 
now on that q is real. 

We remark that (8 ) - (15 )  are invariant under q - q - '  whereas (17) and (18) are 
not. Indeed we can define another set of and by 

E,,b = QE,h p a b =  QFah (21) 

where Q means q - q - ' .  The commutation relations obeyed by these objects follow 
by applying Q to (19) and (20). 

Define 

M " h  = E  - (I' qeo-2aF,hq',f2', (22) 

Then 

C ,  = q2a ( M p  La (23) 

are the desired Casimir operators of su,(n) with the pth power defined recursively by 
( p =  1.2, .  . .) 

( M P + ' ) a b = ( M p ) o , M c ~ .  (24) 

The first step in the proof of invariance of the C,, is the demonstration that 

[E,,+,  , M.61 = Sktl.qc*+~-'*-'Mkh - Sk,,M,k+lq'*+'-'*-'. (25) 

The derivation of ( 2 5 )  is left to the appendix. 
Given (25) it follows by induction on p that 

[Eh,+,,  ( M p ) o b l =  S * + , , q ' L * ' - ' ' - ' ( M ' ) X h  -GxD(M').I+,qFi*'-~i-' (26) 

and therefore 

[&,+,, c2p l=[Ehk+ , ,  q"(Mp)oal  
= Sh+,,q2'+'L*,-'L-'(Mn) k o  - ha (MP).X+,qzll+'*.i~'"' 

" 
(MP)kX+t ( & + , o - & a ) = o  (27) = q 2 h + l + ~ i + , - ' r  

(I=, 

since 

1 ( 6 k + 1 a  - & h a )  = Sktl I - s k n  = 0 
',=I 

since l s k s n - 1 .  
Next we observe that 

" h  Mhu ? " - < h - 2 , a - h ) + , - 8  
M i h = q  

and therefore 

(M")La=(M")., , , .  

Hence by taking the Hermitian conjugate of (27) we find 

[ F k + , k ,  c > p I = o  

Lastly 

[BX.c2"1=0. 
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This is obvious since the zk are Cartan generators and therefore commute among 
themselves and with any function of raising and lowering generators with saturated 
subscripts. 

This completes the proof of invariance of the C2,,. 
We next observe that by the same argument we have invariance of 

e z , , ~ Q C 2 p = 9 - ' a ( f i " ) u a  (33) 

with 

(34) fi = Q M  - E  9 - * ~ u + 2 ' 1 ~ c , h q - * , - Z c '  
" h  Oh - *r 

Clearly, i f  desired, we may consider in place of Czp and eZp the following even 
functions of q - 9-l: 

% p c  ( C Z p +  ezp)/(9+ 9-l) (35) 

and 

(36) 

The e,, k =  2.3,. . . , beside being invariant under 9-9-l  turn out to he more 

Setting in the limit 9 +  1 
convenient for comparison with the Casimir operators of non-deformed su(n). 

E. + A, (no summation) 1 s a s n  (37) 

Enh + A h  l s a < b s n  (38) 

F b m  + A h a  I s a < b s n  (39) 

we see that the relations (16)-(20) defininl su,(n) go over into the relations (1)-(3) 
defining su(n). 

However since 

E.. = Fa,, = ( 9  - 9-')-' (no summation) 

E o ' , = F a n = - ( 9 - q - y '  (no summation) 

our expressions for W k  contain terms that become infinite in the 9 +  1 limit. 

clearly the following expression 
Consider, for example, C,. The divergent part of C2 is Eo 92""'"'/(q - q-')',  hence 

cz-(92.+l-9)(q-q-I)-1 (42) 

is just as good a Casimir operator as C2 but it is finite as 9 + 1 
Consequently the expressions 

could he used in place of W2 and %,-in the 9 + 1 limit they reduce precisely to the 
quadratic and cubic Casimirs of non-deformed su(n). 

with k'<k,  reduce 
precisely in the 9 +  1 limit to Casimir operators of degree k of non-deformed su(n). 

In general the Vk,  modified by appropriate functions of 
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For this reason we believe that the Wk, k = 2.3,. . . , n, defined by (35) and (36) 

In closing we remark that an alternate set of Casimir operators is given by 
provide a basis for Casimir operators for suy( n ) .  

The proof of invariance of the ?& starts from showing that 

[F,,,,, Nab] = S x ~ 9 ' * ~ ~ " ~ ~ ' N ~ + , h - S X + , h N ~ h 9 r * ~ P ~ * ~ ~ '  (49) 
and proceeds from there in just the same way as for the ek. 

We have described a procedure for the determination of Casimir operators of su4( n )  
which parallels the approach used for non-deformed su(n). 

We define su,(n) in terms of the Cartan elements h, and the simple raising and 
lowering elements e, andf;  and their commutation relations expressed in a convenient 
basis. 

We then show that certain functions of the e,, 1; and h,, in fact polynomials in e,, 
1; and exp(*h,), commute with all the e,, 1;, h, and are therefore Casimir operators. 

This approach makes no use of the co-multiplication and the Hopf algebra aspect 
of quantum groups. We view that as an advantage of this formulation. However, it 
has been pointed out to us by the referee that our matrix Mub. equation (22), appears 
!O be iden!icl! !O !he mctrir. 

M [ ( T I O ~ ) R ~ ] [ ( T I O I ) R I  

where R is the universal R-matrix and TI the vector irrep. Using this connection our  
invariants can be related to those of Zhang et a/ [ l ,  21. 



L1138 Letter to the Editor 

To get this result we used the fact that we must sum over c from max(a, b )  to n. This 
follows from the definition of Mah since E., = 0 for a > c and c.h = 0 for b > c. But 
the factor Skh changes max(a, b )  to max(a, k )  and the factor 1 - eliminates c = k 
from the sum leaving the range max(a, k +  1) c S  n, which is precisely the correct 
range for the definition of Ma,+,. 

Next we evaluate the first term in (A2): 
2r-2u+6* -a,,, 

& + I  q'.' Eh$!"" Fchq 
2r-2k+(ih,  -Ao, 

- I  -, s 

Ekdj "'F,,q - I l + s , t , - l + F <  

e k + s A + , - l  

= &+,.q 

M k h - ( q - q  ) q ~ + l F k b q ' * - l } .  = 8 k + l a { q -  

= 6,+,.(q-q-')-'q'**,Fk,q'*-'. 

Adding (A3), (A4) and (A5) yields (25) in the text. 
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